Abstract-This paper is dedicated to the comparison of three techniques of reduced-order modeling (ROM) that may be applied to MEMS beams subject to nonlinear damping and restoring forces. These methods are compared in terms of simplicity and accuracy, in the static, transient and steady-state regimes. It is shown that one of the most popular ROM methods may lead to dramatically wrong results in the case of single-mode decomposition.
INTRODUCTION (HEADING 1)
This paper is dedicated to the comparison of three techniques of reduced-order modeling (ROM) that may be applied to MEMS beams subject to nonlinear damping and restoring forces. A difficulty which arises in this context is that the nonlinear forces acting on the beams are not polynomial. For example, consider the single-sided electrostatic actuation of a beam with Young's modulus E, density ρ, length L, width b, electrostatic gap G , moment of inertia I, and damping coefficient μ, governed by: 
where ( )
, Gw x t is the displacement of the beam. To generate a lumped model from (1) , modal projection methods must be used: to this end, it is assumed that ( ) ( ) ( ) ( ) typically the natural eigenmodes of the beam. The difficulty with this approach is that there exist no closed-form expressions for the projection integrals appearing on the righthand side, even in the case when N=1. Among the techniques for dealing with this issue, we shall focus on the following three: -Taylor series (TS) expansion of the nonlinear terms of (1), as used in [1] [2] [3] , for example. This has the obvious advantage of transforming the nonpolynomial nonlinearity into a polynomial one. However, the range of validity of the approximation is limited by the order of the truncation.
-Multiplication of (1) by ( )
(MBP) on the set of shape functions, as proposed in [4] [5] . As the TS approach, this increasingly popular technique (see [6] [7] [8] for example) has the advantage of turning a non-polynomial nonlinearity into a polynomial one and has full-gap range of validity, provided N is sufficiently large. However, for a number of reasons, most authors using this technique limit themselves to the N=1 case, as in [7] . -Approximation of the projection integrals (API), typically by a rational function (as proposed in [9] ) or by a function with the same asymptotic behavior as the projection integrals as the gap closes [10] . The latter approach is quite simple to apply in the case one eigenmode is dominant in the response of the beam. It is illustrated in [10] in the case of the electrostatic actuation of a beam switch with squeezefilm damping. In this paper, we will focus on the use of these methods in the case of a clamped-clamped beam resonator. These methods are compared in terms of simplicity and accuracy, in the transient and steady-state regimes. It is shown that the MBP method may lead to dramatically wrong results in the case of single-mode decomposition. Some guidelines are given for solving for the steady-state responses in the three cases. 
where the dot denotes differentiation with respect to τ , η is an electromechanical coupling coefficient and Q is the quality factor.
A. TS method
The right-hand side of (4) 
where ( ) by averaging over one period [11] ). This yields the following equations: 
For a given value of 0 v , one may eliminate sinϕ and cosϕ from (7) 
B. MBP method
Equation (4) is multiplied by ( ) 
The method of averaging results in:
from which 0 v can be expressed as:
C. API method
Equation (4) 
and the following expression for ( ) 
Note that, because of the presence of the logarithm, (17) cannot be turned into a polynomial in 2 A , as opposed to (7) and (11) . However, the contour lines of ( ) 
III. RESULTS
The contour lines corresponding to the values of 0 v obtained with (8), (12) and (18) are plotted in Fig. 1 . For the smallest excitation amplitude ( 0 0.02 v = ), there is an excellent match between the API and TS methods, whereas they tend to disagree for large excitation amplitudes. The hysteretic character of the frequency response is more marked for the API method than for the TS method. The MBP method consistently disagrees with the other two methods. In particular, it is remarkable that the MBP method fails to capture:
-the down-shift of the resonance frequency caused by the DC bias, even at very small oscillation amplitudes. -large amplitude effects such as the hysteretic characteristic of the frequency response.
Qualitatively similar results are obtained for other sets of parameters. In fact, it is clear from (11) that the MBP method predicts that resonance always occurs at 1 ω = , regardless of η , 0 v or A . Another interesting result is obtained when performing transient simulations of the nonlinear lumped parameter models (5), (10) and (14): provided one divides both sides of (10) by 
the three models have the structure of a linear 2 nd -order system with a feedback nonlinearity and may readily be simulated (5) and (14) are qualitatively and quantitatively consistent with those obtained with (8) and (18). Furthermore, there is an almost perfect match between:
-the frequency response obtained with the API method through transient simulation of (14). -the frequency response obtained with the API method through steady-state analysis (18). -the frequency response obtained by modal projection of (1) on the first 4 beam eigenmodes and transient simulation of the resulting system, the projection integrals being evaluated at each time step (Fig. 2 ).
This shows that the single-mode/single-harmonic approach is valid for capturing the nonlinear behavior of (1) close to resonance, even at very large oscillation amplitudes. These results are discussed in the next section.
IV. DISCUSSION
To understand the failure of the MBP method in the steadystate sinusoidal regime, one should first make clear that using the method of averaging on (10) is the same as using the MBP method on (19), in the time domain instead of the space domain, since:
- (10) is obtained by multiplying (19) with the denominator of the right-hand side (the multiply step of the MBP method) -the averaged steady-state equations are obtained by projection of (10) As was already pointed out, the MBP method can accurately predict the static behavior of a clamped-clamped beam only if the number of modes used for the decomposition (2) is large enough (on the order of 5, in [4] ). It should then come as no surprise that the simulated steady-state behavior of (19) may be accurately predicted by MBP/averaging only if a large number of harmonics are used. Thus, the results of the MBP method in the steady-state sinusoidal regime should only be trusted when a large number of modes and a large number of harmonics are used. Unfortunately, in this case, the MBP method loses most of its interest because of the complexity of the calculations it involves. On the other hand, the API method gives good qualitative and quantitative results. Establishing the model with the API method is a bit more costly than with the TS method, and it may be impossible to express the steady-state solutions as the roots of a polynomial. However, we have explained how the steady-state frequency responses may be plotted as the contour lines of 0 v , with a very low computational burden. Finally, the (often criticized) TS method gives good qualitative results, although it fails quantitatively. It may then be used safely for the qualitative analysis of resonant MEMS devices.
